We present very accurate quantum mechanical calculations of the three lowest S-states ͓1s 2 2s 2 ͑ 1 S 0 ͒, 1s 2 2p 2 ͑ 1 S 0 ͒, and 1s 2 2s3s͑ 1 S 0 ͔͒ of the two stable isotopes of the boron ion, 10 B + and 11 B + . At the nonrelativistic level the calculations have been performed with the Hamiltonian that explicitly includes the finite mass of the nucleus as it was obtained by a rigorous separation of the center-of-mass motion from the laboratory frame Hamiltonian. The spatial part of the nonrelativistic wave function for each state was expanded in terms of 10 000 all-electron explicitly correlated Gaussian functions. The nonlinear parameters of the Gaussians were variationally optimized using a procedure involving the analytical energy gradient determined with respect to the nonlinear parameters. The nonrelativistic wave functions of the three states were subsequently used to calculate the leading ␣ 2 relativistic corrections ͑␣ is the fine structure constant; ␣ =1/ c, where c is the speed of light͒ and the ␣ 3 quantum electrodynamics ͑QED͒ correction. We also estimated the ␣ 4 QED correction by calculating its dominant component. A comparison of the experimental transition frequencies with the frequencies obtained based on the energies calculated in this work shows an excellent agreement. The discrepancy is smaller than 0.4 cm −1 .
I. INTRODUCTION
A number of experimental studies of the spectrum of singly ionized boron, B II, has been recently undertaken.
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The initial motivation for the study was the search for the "missing" 2s3s 1 S term. It took a number of attempts during nearly three decades to finally identify this level in the spectrum. Even though the energy of this term had been fairly well predicted in 1973 by Weiss ͑see Ref. 2͒ , a large discrepancy persisted for a long time between Weiss' value and the earlier known experimental value. This was despite the theory and experiment agreeing within 100-200 cm −1 for other B II levels. The disagreement between the theory and experiment of the 2s3s 1 S level stimulated several experimental studies from beam-foil experiments to highresolution spark spectroscopy, as well as more refined theoretical calculations. In the course of these studies not only the missing 2s3s 1 S level of B II was finally discovered, but also new spectral information on this ion has been collected that included more than 80 newly classified ͑or revised͒ spectral lines. 1 In effect, B II has become one of the best studied small singly charged atomic ions.
The purpose of this study is to describe the three lowest 1 S states ͑including the 2s3s 1 S state͒ of two stable B II isotopes, 10 B + and 11 B + , with the highest possible accuracy of the quantum mechanical calculations. This involves variational nonrelativistic calculations performed with all-electron explicitly correlated Gaussian ͑ECG͒ basis functions followed by perturbation theory calculations of the leading relativistic and quantum electrodynamics ͑QED͒ corrections. Up to 10 000 ECGs have been used for each state. In recent works [3] [4] [5] [6] [7] we have shown that the ECG basis functions are an excellent tool for performing very accurate calculations for ground and excited states of small atoms and that the calculations on atoms with four to five electrons can be nearly as accurate as for three-electron atoms. These later systems have been studied by several groups using Hylleraas basis functions, [8] [9] [10] [11] [12] which better represent the wave function in the cusp region, but so far their use has not been extended beyond three electron atoms.
To reach high accuracy in the calculations we used an approach that explicitly includes the coupling between the motion of the electrons and the motion of the nucleus in the nonrelativistic variational calculations. This finite-nuclearmass ͑FNM͒ approach, which treats the electrons and the nucleus on equal footing, requires that the wave function of the system used in the calculations depends on the coordinates of the electrons and the nucleus. The FNM approach enables direct determination of the shifts of the energy levels of the B + ion due to the difference in the nuclear masses of the 10 be expanded in terms of basis functions that explicitly depend on the interparticle distances ͑i.e., the distances between electrons and the distances between the electrons and the nucleus͒. All-particle ECGs are such functions. The advantage of using ECGs in atomic calculations is related to the fact that the Hamiltonian matrix elements with these functions, as well as the matrix elements involved in calculating the relativistic and QED corrections, are manageable and can be expressed with relatively simple and compact formulas for an arbitrary number of particles. However, the Gaussians do not satisfy the electron-electron and electronnucleus cusp conditions and are somewhat inefficient in describing the long-range behavior of the wave function. These drawbacks are usually largely overcome by the use of longer expansions of the wave functions in terms of Gaussians.
As the aim of the present calculation was to reach the spectroscopic accuracy for the transition energies, thousands of ECGs in the wave function expansion were needed. This puts high demands on the computer resources. When one uses all-electron ECGs the computation time required for a single point energy calculations ͑single point in the space of nonlinear parameters͒ scales as c 1 ϫ n ! ϫ n 4 ϫ K 2 + c 2 ϫ K 3 , where c 1 and c 2 are some constants, K is the number of basis functions, and n is the number of electrons in the system. The n! dependence results from the number of the permutations that need to be applied to the total wave function to make it antisymmetric with respect to permutations of the electron labels. The K 3 term is due to solving the generalized eigenvalue problem with dense overlap and Hamiltonian matrices. While for very large basis sets this term will eventually dominate, in calculations on systems containing more than two electrons with a few thousand basis functions it usually accounts only for relatively small amount of the total calculation time. A significantly larger amount of time is spent on computing the matrix elements.
A key feature of very accurate variational calculations with ECGs is the optimization of the exponential parameters of the Gaussians. In our atomic calculations the optimization is performed with the procedure that utilizes analytical derivatives of the energy with respect to the Gaussian exponential parameters. [13] [14] [15] The derivatives form the gradient vector. Its elements depend on the derivatives of the Hamiltonian and overlap matrix elements. During the variational optimization the energy and the gradient are calculated millions of times and it is essential that this part of the calculation is efficiently parallelized. The availability of the analytic gradient considerably accelerates the calculation and is the key to achieving high accuracy.
As the state-of-the-art experiments on atomic spectra now reach the relative accuracy of 10 −8 -10 −9 , matching this accuracy with first-principles calculations represents a considerable challenge. In this work we show that the calculations with ECGs can step up to this challenge.
Three steps have been involved in the present calculations. The first, the most time consuming one, was the variational calculation of the nonrelativistic wave function and the corresponding energy for each considered state. The second step involved the calculation of the leading ␣ 2 relativistic corrections. In the third step, which was also time consuming, the ␣ 3 and ␣ 4 QED corrections were calculated in the framework of the nonrelativistic QED method and the perturbation theory [16] [17] [18] with the zeroth-order level being the nonrelativistic Schrödinger equation.
The questions this work attempts to answer are the following. ͑1͒ How accurately is the state-of-the-art theoretical method which includes FNM effects, first order relativistic corrections, and the leading QED corrections able to describe the lowest 1 S states ͑particularly the 1s 2 2s3s 1 S state͒ of the B + ion? This question is particularly relevant with regards to the relativistic correction, which grows quite rapidly as the nuclear charge increases and the model based on calculating this correction at the first order level may start to fail. ͑2͒ How big are the shifts of the transition energies for the lowest 1 S states due to the nuclear-mass effect and are those shifts large enough to be measured experimentally?
II. THE METHOD
In the nonrelativistic variational calculations we use the following Hamiltonian:
where in atomic units q 0 =5 ͑the charge of the nucleus͒, 14, 19 This separation reduces the five-particle problem of the B + ion to a four "pseudoparticle" problem. The calculations have been carried out for finite masses of the B nucleus, as well as for infinite nuclear mass. They yielded the nonrelativistic energies, E nonrel , and the corresponding wave functions. The infinite nuclear mass results were generated to serve as a reference for calculations performed by others in the framework of the Born-Oppenheimer approximation.
Denoting by r the 12ϫ 1 vector of the internal Cartesian electron coordinates, r = ͑r 1 Ј, r 2 Ј, r 3 Ј, r 4 Ј͒Ј ͑the prime symbol denotes the vector/matrix transposition͒ and by the spin coordinates of the electrons and the nucleus we can write the complete wave function of B + as
Â antisymmetrizes the electron labels and ⍀ S,M S ͑͒ is a product of the spin functions of the electrons and the nucleus,
For the states considered in this work ⍀ e represents a four-electron singlet spin function. In practical calculations it is more convenient to use the spin-free formalism. 20, 21 In that formalism only the spatial wave func-tion, ⌽͑r͒, enters the calculation. However, before it is used, ⌽͑r͒ has to be transformed with the appropriate Young operator that represents the permutational symmetry properties of the state under consideration.
The following S-Gaussians were used to expand the spatial wave functions, ⌽͑r͒, for the three 1 S 0 states considered in the present calculations:
where is the Kronecker product symbol, L k is a 4ϫ 4 lower triangular matrix of nonlinear variational parameters, and I 3 is the 3 ϫ 3 identity matrix. The Cholesky factored form representation, L k L k Ј, of the matrix of the Gaussian exponential parameters ensures the square integrability of k for any values of the L k matrix elements. This is important in the optimization of these parameters because it can be carried out without any restrictions ͓i.e., the L k matrix elements can be varied in the range of ͑−ϱ ,+ϱ͔͒, which makes the optimization much more efficient.
The variational optimization of trial wave functions performed in the present calculations has been done independently for each state. As it was already mentioned, in the energy minimization we employed the analytic gradient with respect to the L k matrix elements, [13] [14] [15] which significantly accelerates the optimization process and reduces its computational cost. Without the use of the analytic gradient the present calculations could not be performed at the accuracy level achieved in this work.
The calculations of the relativistic effects have been performed as the expectation value of the Dirac-Breit Hamiltonian in the Pauli approximation ͑Ĥ rel ͒ 22,23 transformed to the internal coordinate system. For the states with the S symmetry considered in this work Ĥ rel includes the mass-velocity ͑MV͒, Darwin ͑D͒, orbit-orbit ͑OO͒, and spin-spin ͑SS͒ terms:
In the internal coordinates these operators are
In the present calculations we have not included the magnetic anomaly factors for the electrons and the nucleus in the Darwin and spin-spin corrections. The relativistic correction calculations have been performed for the finite and infinite masses of the B nucleus. Thus the value of the correction varies with the nuclear mass.
In calculating the leading QED corrections of the order ␣ 3 and ␣ 4 ͑called here E QED and E HQED , respectively͒ in this work we used the approach described by Pachucki et al. [24] [25] [26] [27] The approach is based on the perturbation theory employed in the framework of the nonrelativistic QED method. [16] [17] [18] The zeroth-order level in this approach is the nonrelativistic Schrödiger equation. The algorithm used here was also employed in our recent work on the ground and excited states of the Be atom. 6 The ␣ 3 and ␣ 4 QED corrections represent the two-photon exchange, the vacuum polarization, and the electron self-energy effects. The most difficult terms to calculate in the ␣ 3 correction are the Araki-Sucher term ͑͗P͑1 / r ij 3 ͒͘ / ͑4͒͒ and the Bethe logarithm ͑ln k 0 ͒. It should be emphasized that for the QED correction of the order ␣ 4 we only determined the dominant contribution, which is the simplest to calculate. As the procedure used in this work for calculating the ␣ 3 and ␣ 4 QED corrections was only developed for the infinite-mass case only this type of calculations have been performed.
The numerical values of the fine structure constant and the Hartree-wavenumber conversion factor used in this work were taken from Ref. 
III. RESULTS
First, the variational nonrelativistic FNM calculations have been performed for each of the three considered states ͑1s 2 2s 2 1 S 0 , 1s 2 2p 2 1 S 0 , and 1s 2 2s3s 1 S 0 ͒ of the most dominant 11 B + isotope. In the calculations the basis set for each state has been grown to the size of 10 000 functions. The growing of the basis set involved gradually adding subsets of 20 functions to the basis set and optimizing each function of the subset with the gradient-based energy minimization procedure, one function at a time. After the addition of each 20 functions the entire basis set was reoptimized in a cyclic optimization where again the parameters of one function at a time were reoptimized. In adding new functions to the basis set a stochastic procedure was used. 29, 30 In this procedure new basis functions are selected from a set of candidates, which are generated stochastically based on the distributions of nonlinear parameters of already included basis functions. When the candidate that minimizes the energy the most is added to the basis, its nonlinear parameters are further tuned using the analytic gradient. When the basis size of 10 000 functions was reached for each state, several additional cyclic optimizations were performed of all the functions to generate the final basis set. Next, the basis sets generated for the 11 B + isotope were used to calculate the energies of the three states of the 10 B + isotope, as well as of the boron ion with an infinite nuclear mass ϱ B + . As the change in the wave function caused by the change of the nuclear mass is small ͑which is true as long as the mass of the nucleus remains much larger than the mass of the electron͒, it is sufficient to adjust only the linear coefficients of the basis functions without reoptimizing the nonlinear parameters. The nonrelativistic energies resulted from the calculations are shown in Table  I .
The next step involved the calculations of the ␣ 2 relativistic corrections, i.e., the mass-velocity, Darwin, spin-spin interaction, and orbit-orbit corrections. In Table I we show how these corrections converge with the number of basis functions for 10 B + , 11 B + , and ϱ B + . We also show the total energies that include the relativistic corrections. The convergence of the transition energies calculated as the differences of the nonrelativistic and relativistic total energies taken from Table I are presented in Table II .
In the next step of the calculations the leading ␣ 3 and ␣
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QED corrections were determined. The results are presented in Table III . Apart from the values of the corrections we also show in the table the values of the Araki-Sucher term and the Bethe logarithm, which, as mentioned, are the most difficult to compute. For the discussion on the accuracy of the procedure to calculate the QED corrections we refer the reader to the work in Ref. 27 . The last step involved calculating the energies corresponding to the transitions between the considered three states for the two B + isotopes and for ϱ B + . The transition energies are presented in Table IV . For each value we show the numerical uncertainty determined based on the level of the convergence of the particular value with the number of basis functions and on other factors contributing to the numerical noise in the calculations. In the case of E QED ͑4͒ the uncertainty is mainly due to the approximate treatment of that correction used in this work rather than the finite size of the basis. In the table we also show the experimental transition energies taken from Refs. 1 and 2.
Upon an analysis of the results obtained for 11 B + shown in Table IV , one can see that, after adding all the contributions, the calculated transition energies are within 0. and for the 2 1 S 0 → 4 1 S 0 transition it is 0.946 cm −1 . Both shifts are large enough to be determined experimentally.
IV. SUMMARY
All-electron ECG functions have been employed to perform very accurate calculations of the three lowest S states and the corresponding transition energies of the boron singly charged cation assuming finite nuclear mass. The calculations also included the leading relativistic and QED corrections. The calculated transition energies obtained for the 11 formed for the three 1 S states of the boron ion. They show that the nonrelativistic QED method provides a very accurate framework for atomic calculations even for systems with heavier nuclei.
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